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Two extensions of the basic polynonial analysis are described., Firstly
the ‘'polynonial representation of the real height curve is modified to include
a parabolic peak; this greatly increases the acouracy of calculations near the
peak of the icnospheric layers. Secondly the analytic expression for the real
height curve is used to obtain expressions for the height of the peak (hm> and
the scale height at the peak (H)s Integration of the real height curve also
gives an expression for the effective sub-peak thickness of tﬁe ionosphere
(T), defined as the total amount of ionization below the peak divided by the
density at the peak., These three expressions are then used to obtain coeffici-
ents relating hm, H and T to the viritual heights at any required freguensies.
8l sets of coeffigients are given for analysing h'(f) records taken any-
where in the world, with critical frequencies between 4.5 and 20 Mc/s. These

coefficients give the values of hn’ H, T and the real heights of reflection

directly in terms of the virtual heights at 5 or 6 different frequencies,

E For calculastions on a single ionospheric layer the accuracy is extremely high,
being equivalent to that obtained with a lamination analysis using more than 50
points. For calculations on the day-tine F layer coefficients are provided
with alternative sempling points chosen to reduce the effects of the E and I
layer cusps, so that the height, scale height and total content of the F layer
can be determined with an accuracy equivalent to a lamination analysis using more
than 20 points, Finally coefficients including an extraordinary-ray correction

for the underlying ionization are given, to enable accurate calculations on the

signt-tine ¥ 1aycr (T -




1+ Introduction

The most valuable technique of ionospheric research is the use of sweep-
frequency virtual height records (ionograms) to determine the veriation of
the electron density -ith heigﬂgi For many years ionograms have been re-~
corded at the rate of several thousznd per day at observatories all over the
world, However only a very smail proportion of these records are fully
analysed, because of the length and complexity of the analysis. The purpose
of the present paper is to give a simple, rapid method of analysing these
records to obtain the main ionospgéric parameters: the height of the peaks of
the different layers, the scale height ot the pcak and the total number of
electrons below the peék. These parameters are obtained directly from the
virtual heights measured at five or six frequencies, The accuracy is cqual
to that obtained by carrying out a complete profile calculation using a lam-
ination analysis with more than twenty points. The real heights of re-
flection at the measured frequencies can also be obtained if required, giving
five or six points on the electron density profile. The besis of the method
is described in sections 2 and 3, whilc scction 4 gives 84 scts of coefficicnts

which can be used to analyse day-time or night-~time ionograms taken anyvwherc

in the world.




The analysis of jonograms consists basically of converting an observed
h'(f) curve, which gives the virtual height of reflection h' as a function
of the wave frequency f, into an N(h) curve giving the variation of the el-

ectron density N with height h. These two curves are related by
by
h!(f) =f u'ah ()
0

where the group refractive index HU' is a complicated function of f, N and the
strength and direction of the magnetic field., hr is thc height of reflection
of the wave of freguency f, end depends on f, N and (for the cxtraordinary
ray only) the strength of the megnetic field.

There is no analytic solution of (1), giving N(h) in terms of h'(f),
Consequently the first method of analysing ilonograms was to assume various
model N(h) curves, and comparc the h'(f) curves calculated from these models
wvith those observed experimentally. Later Budden (1954) suggested an N(h)
model consisting of a large number of lincar segments. The integral in (1)
can then be replaced by a finite sum, and the sizes of the successive segments
determined from the virtual heights of the waves reflected at the ends of the
segments, This gives the 'lamination' method of analysis which is widely
used at present (Thomas, 1959). It gives good accuracy when a large number
of segments are used, but the mlculations then become rather lengthy and an

clectronic computer is generally employed.
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The development of the polynomial method (Titheridge, 1959, 1961) was an
attempt to obtain a more efficient process for the analysis of ionograms.
The N(h) profile wes represented by a single polynomial, of the form

2
h=o + a £y + ajfi + ahf§_+ ceee + anf§ (2)

where fN is the plasma frequency, proportional to the square root of the electron
density. The number of terms (n) in the polynomial is token equal to the number
of frequencies at which the virtual heights arc to be measured. Coefficients
can then be obtained giving the real heights of reflection at these frequen-
cies directly in terms of the measured viritual heights., This gives n points
on the i¥(h) curve, the calculated rcal heights lying on the polynomial of lovest
degrec vhich is consistent with the observed virtual heightse. Because of the
assumption of a single, smooth real height curve the number of points needed
for an accurate analysis is much less than in the normal lamination method;
typically the number of points required for a given accuracy is rcduced by
a factor of five for day-time ionograms, and a factor of ten at night.

The polynomial approach was also suggested independently by Unz (1961)
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an Zandt and Viatts (1962). Unz envisaged a lengthy, manual
calculation of the coefficients @ but no results werc given and the process
he suggests must be modified slightly before useful results can be obtained,
since

(1) The real heights finally obtained include an "arbitrary additive constant"
which is not detcrmined., This mcaningless result is caused by an error in
the expressions for the virtual heights, which should include the constant
term ae

(2) The direct expansion of h in powers of f,, including a term in f&, can

N

give unstable results.
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This instability occurs because the virtual heights sre not observed at
low frequencies, Consequently therc are an infinite number of possible real
height curves, corresponding to different heights and gradients near fN = 0,
which would give the observed virtual heights. 4As in all methods of analysis
sone assumption must be made about the behaviour of the recl height curve ot
low frequencies if a single, physically reasonable result is to be obteained.
In the polynomial analysis it has been found sufficient to require that the
real height curve is horizontal, i.ce. dh/hfi = 0, at fN = O.

If 2 single-polynonial analysis is used with ®n or more points the sol=-
ution becomes unstable hatever starting assumptions are made. The instability
is revealed by the occurrence of large positive and negative values in the cal-
culated polynomial coefficients, so that the real heights are obtained as
the difference of comparativelylarge multiples of the virtual heights. It
is caused by the oscillations which occur in an approximcting polynomial
fitted through a large number of points, With the polynomial approach,
however, a comparatively smgll number of points is often sufficient for
accurate results., The method described in the present paper uses the virtual
heights measured at five or six different frequencies, This is sufficient
for accurate profiles of the night-time F layer, and gives a good representa-
tion of the overall shape of the day-time ionosphere sincc the results are
equivalent to a lanmination analysis using more than 20 points. For a detailed
profile of the day-time ionosphere many more points are needed, and the rcal
hecight curve must be reprcsented by a series of overlapping polynomials

(Titheridge, 1961, 1965).




2. The Addition of a Parabolic Pesk to the Polynomial Assumption

The polynomial type of analysis has so far been based on cxpressions simi~.
lar to that given in cquation 2. It is not, however, nccessary to take h
as o polynomial in f_, ond many other expressions for the real height curve
can be used., In general, o 'polynominl' type analysis can be based on the

assumption that the recal height curve is given by
h = a1¢1 (fN) + a2¢2(fN) + eeee + anﬁn(fN) (3)

where 2&, ¢2, ....ﬁn are any real, differentiable functions of fN.

A simple polynomial (or lemination) representation of the real height
curve cannot be accurate ncar the peak of the ionospherc, vhere dh/dfN be~
comes infinite. Consequently most methods of analysis become increasingly
innaccurate as the peck of a layer is approached, ond give only an approximate
result for the height of the pcak. To recduce this error a function

g =1 -( - fﬁ/fs)%

b

is added to thc normal polynomial model of the real height curve, which then

beconecs

2 3 n=1 2 /02\%
= f . -(1- 2
ho=ay + o+ agfoe v BT ¢ a [1-(1-5/20)%] (4)

The function ﬁp corresponds to a porabolic layer with unit scmithickness and

a critical frequency fc, so that dh/di now bccomes infinite at fN = fc.




The rcal height model should become approximatcly parabolic near fN:fc’
to agree with theoretical calculations of the shape of the peak. To ensure
this the profile given by the first n-1 tcrms must become horizontal at

£=f, o This is achieved by adding = suitable term in f;; Thus for o six

point analysis the form finally assumed for the real height curve is

h = o + a2(x2-%x6) + a3(x: - %x6) + ah(ih - %X6)

+ as(xs- %x6) + ap{1 - - XZ)%I (5)

where x = fN/fc. The real height curve is therecfore represented by a parabolic
layer plus z correcting polynomial, the polynomisl having dh/di =0 at

fN = 0 (to reduce the variations in the amount of underlying ionisstion) and

dh/ﬂszo at f'N=fc (to ensure that the peak is approximately parabolic).
Equation (5) is used to derive a set of polynomial coefficients, giving

the re:1l heights at six frequencies (i.e. at six values of x) in terms of the

virtual heights at those frequencies. The proccdure is basicelly similar

to that employed in the simple polynomial analysis (Titheridge, 1961), and is

outlined below,

Differentiating equation (5) gives

J=1

1
dh = ESjaj(x -xs)dx + apx(1-x2) 2dx

J=2

so that equation (1) becomes

5 o [ Ti,d_5 B St
n(f.)=a + 27 ja, pt(x® '=x7)ax + a, utx(1-x") 2ax
i 1 j=2 9d 5 o
2

s a2 . 2,02
where x, = fi/fc. Substituting t° = 1 fN/fi =1 =x /xi

we get xdx = -xitdt and

1 . 1 1
h'(f) =a, + Z° ja.x? u't(x3~2-x4)dt r o x p't(1-x2) 2dt
i . i 4 pi

1 J:2 O




or
] -
h (fi) = bi1a1 + bi2a2 + b13a3 + bih“# + bi5a5 + bi6ap (6)
where bi1 = 1.0,
b.. = jx? j' 't(x -xh)dt for J=2,3,4and 5
id i),
2 (1 2, -1
and b, = X ]‘p't(1—x ) 2at.
i i/o

These values of bij must be calculcted at each of the six frequencies
fi at which the virtual heights are measured., The integrals can be calculated
with sufficient accuracy, for magnetic dip angles up to 80 degrees, using a

12 point Geussian relotion. The integrands are well-behaved and the 72
values of p't (12 for each frequency) are calculated from the standard expre-
ssions (Shinn and Whale, 1952).

For cach frequency fi’ equation (6) gives the virtual height in terms of
the real hcight parameters aj. The set of six equations can be written in
motrix notation as h' = Ba where B is the 6 x 6 matrix with elements biJ’
and h' and a cre 6 x 1 column motrices, Inverting the matrix B we get the
set of six equations

a =3 h (7)

giving t.e real height p-rameters aj in terms of the observed virtual heights.

Applying equation 5 for each value of X, then gives the set of equations

h=aa=(@B8")n (8)
. o ) 2 .6
where A is a 6 3 6 matrix with elements aij such theot a4 = 140, aij = X in/E

1 -
for j = 2 to 5, ond a,, = 1-(1~x§)2. The product of the matrices 4 and 1

[ {ve)

thercfore gives the required polynomial coefficients, relating the real heights

at the six frequencies fi to the virtual heights at those frequencies,
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3. Direct Calculctions of the Height of the Peak, the Scale Height at the Pecol:

ond the Sub=-peak Content
3e1e Calcualtion of hm

The polymomial approach is not restricted to the determination of the
real heights of reflection corresponding to o series of measured virtual
heights. The method cmploys an analyticel cxpression for the entire rcal
height curve, and can thereque be usecd to determine any required fectures of
this curve. In particular, any number of real heights can be calculated
at any required frequencies by using these frequencies in the metrix 4.
If n virtual heights are measured cnd m real heights are rcquired, this gives
an m x n matrix A and an m x n matrix of coefficients 4 13_—4 .

One of the most important ionospheric parameters is the height hm of

the peak of an ionospheric layer, This is the real height a2t the frequency

f =1f , so that coefficients for calculating hm are obtained by putting x, =1

3 3 A M 3 A-1a 4 1 hosd oht o om 1337~ A + 4 Fornranmas
in the metrix A. Thus if the virtuel heights are mcasurced ot six freguencics
&

fi, the height of the pecak of the layer is given by
= B, h! ' ht(f ht(f
h = BB'(E,) + B0t (£,) + Bsh'(f5) + B,b'(£,)
! T o]
+ Bgh' (£5) + Beh' (£4) (%)
wherc the coefficients B are obtained by multiplying the matrix §f1 by the

line matrix (1, 2/3, 55 1/3, 1/65 1).
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342+ Calculation of the Sczle Height H

The polynomial terms in the expression for the real height curve (eqr
uation 5) give dh/di =0 et £y = f_, The curvature at the peak of the layer
is therefore produced entirely by the lost term in equation (5), so that the
peak is epproximetely parabolic with a scale height of %ap. That is, the scale
height at the peak of the layer is given in terms of the coefficients a by

H= 0., + Ouat. + Oeat, + Oeax, + Osa. + %ap (10)

1 2 3 L 5

or H= (0,050,0,0,%). a

it

The column matrix x is given in terms of the observed virtual heights by
o= §f1g'. Coefficients giving the scale height H in torms of the observed
virtuel heights are therefore obtained by multiplying E{q by the line meotrix

(0,0,0,0,0,%).

3e3es The Celculation of the Total Electron Content up

to the Peak of the Layer

The total number of free electrons below the peak of an ionospheric
layer is most conveniently calculated in terms of the cffective thickmess (T)
of the layer., This is defined as the retio of the sub=peak electron content

to the peak density, so that
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1 hm
T:-ﬁ—/hNdh (1)
m [¢)

vhere ho is the height of the bottom of the ionosphere (at N =0) and Nm is
the electron density at the peak of the layer. Integrating by parts gives

1 n
T..hm N/ h dN

or T

it

1
h-zf h x dx
n 0

L
where x = fN/fc = (N/Nm)2 as before.

Fron equation (5) we have

h=a + Zza (x -Jx/6) + {1 —(1-x) }
J:
- 5 -
and h =a, + 22a (1 - i/6) *+ay
so that
1 1
T= 57 a {1-3-2[ (xJ+-jx7/6)dx}+2af x(1=x2)%ax
_2 P O
= 50 (e - L 2
—jiz']ﬂ? 8aj+3ap
1
or T=O.o¢1+z Z—O-oc§+z L+ %g (12)

Coefficients giving the effective thickness T in terms of the observed virtual
heights ere thercfore obtained by multiplying the metrix _}2-1 by the line motrix

(0,4 /4,9/1:0,1/6,5/56,2/3)
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L« TWorld-wide Coefficients for the Analysis of Ionogranms

Lel. The Effcct of the Earth's Magnetic Field

The calculated coefficients depend on the frequencies involved and on
the strength ond direction of the megnetic field., W.en the frequencies uscd
aie fixed subnuliiples of the critical frequency, it can be shown that the
coefficients depend only on the ratio of the critical frequency fc to the
gyrofrequency fH and on the megnetic dip angle I, Coefficients calculated
for a sufficiently wide range of values of fc/fH and of I can therefore be
used for analysing ionogroms taken anywhere in the world.

To cxamine the effect of changes in fc/fH and in I, the virtual hcight
curve corresponding to & parabolic layer at the equator was analysed using co-
efficients calculoted for a wide variety of differcnt conditionse. The results
are shown in figurc 1, which gives the amount by which the calculated heights
were less thon the true height. The reduction is cxpressed as a percentage
of the true height measured from the b
apply to o frequency of O.9fc, where fc is the critical frequency of the para-

bolic layer, but the percentage reduction is approximately the szame at all

frequencies =bove O.5fc.
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The values of I and of fc/fH used for the coefficients of table 1 are shown
by the crosses in figure 1. These values are spaced at intervals giving about
2% change in the heights calculated from a fixed h'(f) curve. Records teken
under any conditions can therefore be analysed with a maximum error, through
using the nearest set of coefficients, of about one percent., When interpolating
betwcen the given values of I the 'nearest! coefficients should be chosen from
figure 1 to give approximately the correct heights; that is to give the correct
reduction from the no-field height. Thus to analyse records token at a dip
angle of 1,0 degrees with a critical frequency of 8fH, the coefficients cal=-
culated for I = 35° and fc = 6fH should be used,

The percentage errors in the calculsted values of scale height H and effect~
ive thickness T are cbout twice the errors in the calculated heights. Thus for
a layer with a semithickness of 100 km the maximum error in the calculated
heights (through using the nearest set of coefficients) is about 1 km, while
the nmaximum errors in H and T are sbout 2% or 1 km, An accuracy greater than
this is seldom Jjustified for the anelysis of normal ionograms. Accurate
coefficients for any required conditions can, however, be obtained by linear
interpolation between the points marked in figure 1. If a series of records
from one or more stations is to be analysed exact coefficients calculated for
any required frequencies will be supplied by the author. The computer program
used tokes about six minutes 4o calculate and print each set of coefficients

in the form of tables 1, 2 and 3.
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.2, Coefficients for General Use (Table 1)

Table 1 gives five-point coefficients calculated for the values of 1
and of fc/fH narked in figure 1. These coefficients are suitable for general
calculations on the E and F layers under any conditions. In all cases the
virtual heights are measured at frequencies of .15fc, .Ahfc, .68f0, .87f'c
and ,98fc, where fc is the critical frequency of the layer. Vhen the iono-
grans have a logarithmic frequency scale, the required virtual heights can
be rapidly obtained by using a transparent scale with six vertical lines
corresponding to the ratios «15, obliy 68, 487, 498, and 1.0. The scale is
adjusted so that the 1.0 line falls on the critical frequency of the layer
considered, and the heights where the other lines cross the virtual height
trace are recorded,

This procedure is identical to that used with the five-point Kelso-
Schmerling coefficients. The frequency ratios used in the present work
are in fact based on the Schmerling coefficients (Schmerling and Ventrice
1

QY c2vnn ~anTlenladtdeans itk -
S22}y SINCT caloulat 7ith a ©

\e]

vals showed clearly that these coefficients provide the optimum sampling
points for accurate calculations near the peak of the layer. The coeffici-
ents were however modified in two ways for the present purposes:

(1) The highest frequency has been limited to .98f , although the five-
point Kelso coefficients give an upper frequency of .988fC at the equator.
Measurements nearer the aritical frequency do improve the theoretical accuracy
of the calculations, but the experimental errors are greatly increased by
slight uncertainties in the critical frequency and hence in the reading

frequency. A fixed upper limit of .98fC appears a reasonable compromise.




15
(2) A fixed series of reading points is used under all conditions. This
enables a single transparent scale to be used with all records, and permits
interpolation between the different sets of coefficients given in table 1 to
obtain coefficients for intermediate values of I and of fc/fH.

The coefficients labelled hm in table 1 give the factors by which the
five measured virtual heights are multiplied before being summed to give the
height of the peak of the layer. Thus for I = 550 and fc = SfH we have

h.m = .19%” +.192hé + .224h’-+.158hi + +227h!

3 5
. ' 1 1 ' 1 , 1 4 i = .
where h1, h2, h3, hh and h5 are the measured virtual heights at f/fc 15,
ity 468, 487, and 98 respectively. Similarly the scale height at the peak
of the layer is
= - ! - .O ! .06 h' - ! . !
H O15h_1 63h2 + g 3 309hh + 326h5
and the effective sub-peak thickness is
= - ! - . ' <00 ! OHANY + A LA
T m1m 1Mh2+ 'H3+ N ) M%
The last five rows of coefficients in each set are used for obtaining the
real heights of reflection at the neasured frequencies. Thus the real height
of reflection at f = .68fc is
h3 = «307h} + .397hé + ¢340h! - ,054h' + ,010n! .

5 L 5

For single layer h'(f) records the accuracy obtained near the peak of
the layer is similar to that from a laminetion analysis using about 50
points, Because of the inclusion of a parabolic peak in the assumed form
of the real height curve, the errors in hm are much less than for a Kelso
type analysis using 10 points. The accuracy with which the real heights of
reflection are obtained varies considerably. At the lowest frequency (.15fc)
the accuracy is of course very poor, since there is no measure of the amount

of iconization below this height. The accuracy increases rapidly at higher

frequencies, becoming very good above O'7fc'
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L 3. Coefficients for F Layer Calculations During the Day (Table 2)

In investigations of the day-time F layer, the presence of a large cusp
on the h'(f) record greatly reduces the accuracy of real height calculations
using a small number of points. This cusp is caused by the presence of the
E layer, with a critical frequency of the order of one third of the critical
frequency of the F layer. The coefficients of table 2 have been calculated
to provide increased accuracy under these conditions. An additional reading
point at f = .35fC is included to double the accuracy near the cuspe. The
virtual heights are neasured at the six frequencies .15fc, .35fc, .55fc,
.75fo, .9fc and .98fc, where fo is the critical frequency of the F layer,
The tabulated coefficients are then used to obtain the values of hm’ H and
T as before, Thus for a dip angle of 550 at fc = 6.5fH we have

— 1 \ ] ] t ]
hm = .186n1 *-.098h2 + o 183h3 + .202hlF + .100h5 -+.231h6

H

—.ozoh; + JO034hy = 423y + A3Lh! - .406h§ + 4390h}

and T

- t ! . 1 1 - ? 1
.222h1 + .O‘lLl.h2 .185h3 + .17hhh .021h5 + .214.Oh6

The virtual height (h'2) at .35f‘c will commonly be near the E layer cusp,
but since the corresponding coefficients are only about half as large as the
other coefficients, the errors caused by the cusp are no larger than for a

12 point Kelso fype analysis.
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Many day-time ionograms also show a second cusp, due to the M layer,
at a frequency of about 4.4 times the critical frecquency of the E layer.
Errors caused by this cusp can also be reduced by the increased number of
reading points in tcble 2, It is, however, desireable to avoid mecsuring
virtual heights too near a cusp. 7To make this possible the frequencies in
table 2 fall sbout half-way between the frequencies of table 1, over most of
the frequency range. Cusps can therefore be avoided, in most cases, by choos~
ing the appropriate table, To facilitate this a transparent scale with both
the 5~point ratios for tzble 1 and the 6-point ratios for teble 2 merked
on it, in different colors, can be used fcr reading the ionograms. Table 2
should be used for most of the ionograms, but when this entails measuring
a virtual height near a cusp the five virtual heights for table 1 should be
measured instead.

In all cases where a measurement could be influenced by a cusp, the
virtual height curve should be smoothed before the virtual height is measured,
If this smoothing is carried out over a frequency range equal to the separa-
tion of +the reading points, meintaining the same total area under the h'(f)

curve, the errors caused by the cusp are considerably reduced.




18
lrekys Coefficients for F layer Calculations at Night (Table 3)

During the night, the E region ionization cannot be observed directly
on normal h'(f) records. Consequently the effect of this ionization is
renerally neglected when calculating the height and shape of the F layer.
This neglect can cause quite large errors in the calculated height of the
peak of the F layer, perticularly near sunset, and even larger errors in the
calculated values of scale height and sub-pesk content. There are in fact
an infinite number of real height curves, corresponding to different amounts
of E region ionization, which would give the observed ordinary ray virtual
height curve. The different real height curves will, however, give quite
different values for the virtual height of the extraordinary ray (h;) at
low frequencies., A single value of h; can therefore be used to resolve the
ambiguity in the analysis of night-time ionograms, and give reasonably
correct results for the height and shape of the F layer and the sub-peak
electron content.

The coefficients of table 3 have been designed for this purpose. The
virtual heights of the ordinary ray are measured at a series of frequencies
similar to those used in table 1, except that the lowest frequency (f1) is
not allowed to fall below 1Mc/s. The virtual height of the extraordinary
ray is also measured, ot the frequency fX which is reflected at the same

real height as the ordinary ray of frequency f1. The coefficients of table

3 then give the multiples of h', h;, hé, h%, Hih and hé which must be summed

1
to obtain hm’ H, T and the real heights of reflection.
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To obtain the right correction for the underlying ionization the values of
f} and fX must not be changed zs the critical frequency varies. Thus the first
set of coefficients in table 3 are used for fc/fH between about 2,0 and 3.5,
at dip angles of up to 10 degrees. A4s fc veries the values of f2, f}’ ﬁh and
f5 vary in proportion, but the values f1 = 1.OfH and fx = 1.62fH must not be
altered, Because of tuis restriction the errors due to using the nearest set
of coefficients can become much larger than the figure of 1% given for tables

1 and 2. PFor accuract calculations at any station a set of coefficients calcu-

lated for that station should therefore be obtained from the author,
5 Gonclusions

The coefficients of tables 1, 2 and 3 were calculated on an IBM 4620 con-
puter using eight significant figures throughouts. The calculation and printing
of each set of coefficients takes about five minutes using a twelve point

integration relation., The coefficients are correctly rounded to four decimal

Coefficients are given for a range of values of I, fc and fH such that
ionograns taken anywhere in the world can be analysed with s naximum error,
through using the nearest set of coefficients, of about 2 kilometres. The
coefficients arc calculated by assuming a mathematical model for the real heignt
curve, consisting of a parsbolic layer plus & correcting polynomial. This en=
ables a very accurate fit to the peak of any normal ionospheric layer and, since
the polynomial used is of the lowest possible degree, nrovides the smoothest real
height curve consistent with the observations, The accuracy of the results
obtained when analysing a single-layer ionogram is therefore very high, since

a normal, smooth virtual height curve implies a very smooth real height curve.
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The accuracy of the coefiicients wes tested using some highly accurate h!(f)
curves calculated by Professor W, Becker for parabolic and cosine layers. These
curves have a critical frecuency of 6Mc/s and were given for fH = 1420 Me/s at

I-= 29o and for f,. = 1418 Me/s at I = 670. Coefficients of the form used in

H
table 1 were calculated for these conditions and used to analyse the h'(f)
curves for the parabolic layer. The resulting values of hm’ Hy T and the real
heights of reflection were almost exactly correct, the mean error being less
than 1 part in 10Z+ and the maximum error in any quantity less than 2 parts

in 10h. This is equal to the rounding off error in the printed coefficients,
and cemonstrates their basic accuracy.

The virtual height curve for the cosine layer provides a more realistic
test, since this layer has a point of inflection at 1.5 Mc/s, a peak which is
not parabolic, and cannot be represented by a finite polynomial. The errors
in the real heights and in the wvalues of hm’ H and T calculated using the 5=
point coefficients at I = 67O are shown in table 4. The errors obtained at
I = 29° @iffer by less than 0.4 km from those at I = 67°, showing that the same
parabola-plus-~polynomial representation of the cosine layer is obtained at both
dip angles. The only significant error is at the lowest freguency. The L,6 kn
error at this point is caused by the low-density ionization in the cosine layer,

wiich gives a difference of 145 kn in the real and virtual heights at Co9Mc/s .,




The real heights of the cosine layer were also calculated using a 30 point
lamination anslysis, with a parabolic peak fitted through the last three calcu-
lated heightse The anzlysis was started from 0.9 Mc/s, and the errors in the
calculated heights are showvm in table 4. It is seen that for determining the
height and shape of the peak of this layer, the five=point analysis is an order
of megnitude more accurate than the 30 pcint lamination znalysise. It also
provides a nuch better e timate of h.m than the 5 and 10 point Kelso-Schmerling
coefficients, the results of which are shown at the bottom of table 4.

The accuracy attaincble in practice will gencrally be limited by the iono=
grams, The precautions necessary to obtain consistent results from ionograms
with incomplete or obscured traces are similar to those required by most other
methods of analysis. They have been discussed by Piggott and Rawer (1961), and
chapter 82 of this reference should be studied before any analysis program is
undertaken.
his work was carried out under NASA research grant number NsG-54-60 to
tue University of Aucklande I am grateful to Mr W. R. Piggot for siggestions

which increased the practical value of the tables,
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Toble 44 The errors (in kilometres) in the calculated heights of

the cosine layer at fH =1418 le/s and I = 67°.

Frequency in megacycles g 0,90 2.8, L4.,08 5,22 5,88 h H T
Virtual height in kllomet;es 133 6 19943 26842 360,8 552,2

Real height in kilometres 1194 15800 195,2 234y 27445 ' 300,0 6l 410C,0

Error in value calculated
from 5=-point coefficients S Hieb Ml 40,6 +0.5 +0.5 40,7 +04  =0.2

Erzor in value from 30-

point lamination analysis HL.5  #red 42,7 +24h 4541 +8.0 +7.8
5-pt Schmerling coefficients - 0.5
10-pt Schmerling coef icientd . =5.6

Figure 1. The effect of the magnetic field on the calculated heights of a
parabolic layer. The virtual height curve corresponding to a parabolic layer
at the equator was analysed using coefficients calculated for different magnetic
dip angles and different values of fc/f o The amount by which the calculated
heights (at £ =0 9f,) were less than the true height of the parsbolic layer is
shown as a percentage of the true height. The circles show the values of f /fH
and of dip angle for which coefficients are given in table 1.
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FIGURE 1. THE EFFECT OF THE MAGNETIC FIELD ON THE CALCULATED HEIGHTS OF
A PARABOLIC LAYER. The virtual height curve corresponding to a parabolic
layer at the equator was analysed using coefficients calculated for
different magnetic dip angles and different values of f,/fy. The amount
by which the calculated heights (at f = 0.9f,) were less than the true
height of the parabolic layer is shown as a percentage of the true height.
The circles show the values of fc/fH and of dip angle for which coeffic-
ients are given in table 1.



Table 1. Pive-point coefficients for calculating the height of
the peak, the scale height at the peak, the slab thickness
and the real heights of reflection of ionospheric layers
with critical frequencies between 1.6fH and 16fH.

. OIP = 13 DEGREES, FC = 8,0 FH
- 1 - -880  -870"

F/FC =

A : 5734 =, 1121 0487 =~ 0101
680 ,2886 ,3626 ,3902 ~,0510 0096
.870 .2276 J214 .3027 .2679 =,0128
.980 1970 207 L1741 ,2/68 1447

DIP = 25 DEGREES, FC = 3,0 FH
et 2h
; 9 * [ ] O ]
H -,0100 =-,0862 ,1304 = 4503 4160
T - 1970 —.1154 0131 .017h
: '5 ‘5sh0 - 1112 0M83 - 0099
2680 .2972 .3700 .3730 -,0496 .0093
.870 32328 2228 .3033 .2532 ~.0121
‘980 .2016 .2125 .1818 .2687 .135h4
DIP = 25 DEGREES, FC = 10,0 FH
150 - 580 0

.19 . . . .

,0095 = .1276 = 4553 [ hL220
T -1 -- 1188 . 0068 ;02‘% .283#
. « 229 e 0 . l‘mg e .
Lo - ,5076 5676 ~;1150 ,0502 =,0103
680 .2909 .3690 .3821 ~-.0518 .0098
870 2287 2172 3082 2584 -.0125
.980 ,1981 2082 ,1800 ,2771 1366

FC = 2,5 FH
o .8 8

0
08 -241%3 .3925

0
L o4o8  .2636
15? :0;12 -Zo;oz

2870 .2319 .223
.980 ,2010 211

DIP = 35 DEGREES, FC = 12,0 FH
F/FC = -150 -uho  -880  -870 80
.19 . 1/9 ° . .
H -,0106 =;0790 ;II?S -, 4252 [ Lo33
- - 1977 =11 002 03 2

0 5127 5643 = B
.680 .2920 <373

1 10517 -.0105

1 |
.3713 - 0536 .0100
,ago 22293 121 ‘3th2 12512 -.012
.980 (1987 (2082 1837 [2806 128
DIP = 45 DEGREES, FC = - 2.4 FH
F/FC = - 150 uug -880 870 80
[ ] *® 9 [ ] [ ) ] ;
H .2147 - 0728 ,0870 -, 3459 3462

T - ~ 1005 :0205 .0 12307
:EEG 1.2g3§ -.ﬁ§3g ;ﬁ§ig“ -2 . 0609
-4ho 5502 .5229 -, 1122 ;ozgo ~.0099
.680 ,3150 .320 3339 ~,0483 ,0090
X c2h02 13113 (216 ~_0106
.980 .2102 .2221 .2023 .2558 105



DIP = 45 DEGREES, FC = 4,0 FH
F/FC = -150 -u4ho -480  .870° ,980
M 21590 .1900 2268 . 13%% 5
H -,0138 = 071 .0847 -.0336 35 b
T - 2072 ~.10 °o1 6
* ) 9 L ] ® 7
4o s 5356 ~-1174 .0516 =.010
.680 ,3065 .3896 .3454 -.0510 0095
870 2370 .2334h .3175 2232 -.0111
,980 .,2054 2166 ,200 . 2661 llls
DIP = us DEGREES s 7 FH
F/FC = - 150 s o -980
HM . 1960 ;1855
H - 0129 - o713 '086 - 3682 *3659
T - 2041 - i ‘0647 2432
L150 T1.2518 .5006 05 =.2730 .0613
‘4k0 5300 5482 ~-.1206 .0531 =.0107
.680 .2994 .3855 .3587 ~.0536 .0100
.870 ,2330 L2258 ,5109 22320 =~ 0i7
1980 .2020 L2119  .195%  .2759 . 1i48
OIP = 45 DEGREES, FC = 12,0 FH
F/FC = -150  -440  -680  .870°  .980
FM 1940 1819 .2173 . 138% ;%68‘5
H -.0118 =-.0726 .0939 =.3909 .3B14
T - 2004 - 1122 ~-0014 0600 40
‘b0 5191 .5598 = 1215 .0532 =.0107
‘680 .2938 .3789 <.372h -.0554 .0103
870 '2303 2189 3205 .2427 ~.0123
‘980 .1996 .2085 .1880 .2841 1199

X 2 ylyo 8
22 .19
0 - 3
T "2 "§§;° ‘0 ;ggo - 2066
+ 150 1,2677 =, 5 g .
‘4ho (5586 .5182 -.1188 0523 - 0103
’680 .3147 .b4003 .3270 =.0515 .0095
‘870 S2u41h 2411 .3239  .2041 -.010h
‘980 .2091 .2208 (2110 .2625 .0967
DIP = 55 DEGREES, FC = 5,0 FH
F/FC = -150 -L4h4o  -b80 870 80
* 9 L ] 9 * 5 ; 7
H - 0151 = 0633 061# -.300%F ;3264
T 5 -,5192 -.;01% * 00 0 10 «Slg
: L ] -. ; 9 -. 9 : 9
,420 '5h82  .5309 ~-1223 0539 ~-.0106
2680 .3074 .3970 .3396 ~,0539 .0099
870 ;2371 .2339 ’.3273 .212% = 0109
o980 .2056 .2159 ,2068 .2718 0999
DIP = 55 DEGREES, FC - 7 5 FH
F/EC = -150 - 440 s - 5 - 80
.19 .
H - 0140 ~-.0640 0627 - 3297 3u09
T -"2071 - 1051 =-.0001 -0883 2240
150 1.2649 <=.5287 .Wo16 =.2923 . 0G4S
“4h0 5368 5438 - 1246 .0548 =-.0108
‘680 .3008 .3913 .3537 -.0561 .0103
'870 .2337 .2263 _3288 .2227 ~-.0116
‘980 [2027 2117 2003 .2808 . 1045
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DIP = &5 DEGREES FC - 12 0 FH
F/FC = - 150 - 4h 880 80
‘HM 1945 laus w1l 5
- 0128 ~-.0662 .0768 =.3570 3591
- zo 1 - ;082 - 00 oao
=515
.525 ;5558 - 12‘48 05'47 - 0‘
680 12953 .3839 .3676 =-.0573 .0105
‘870 2312 .2197 .3268B 2346 =-.0122
‘980 .2004 .2088 .1920 .2880 .1108

= 66 DEGREES

o

F/EC = - Lho &8 o ,8£ ,%80
H -2g19§5 -ZoH .0329 -5112}76 -2586

= 2,2 FH

T - zgo —,0 00 02| 16
. 150 2%07 5“3 -,33 i; 207 i%
‘yho 5921 -.1132 ‘ ';0‘193 -,

‘680 .3350 .4131 .2924 -.0435 .00B9
2870 .2535 ;2578  .3241 .1736 ~.0089
.980 2194 2321 2252 2468 .0765
DIP = 66 DEGREES 3.o FH
F/FC = - 150 &8 o 80
H -20133 -Iosﬁz .0331 - 22 126
" 0862 154 '1289 93

‘uho  .5804 | -, . 0521

680 .3252 .4120 .3054 - .0 20 009

870 <2470 2504 .3302 .1819 -.0095
‘980 .2139 .2262 .2230 .2573 .0796

.5101 =

580

5 .2813
008 2120 180
1231 05‘!3 -.0104

2680 .3170 .hog2 .3185 -.o054k 20098
J870 2421 L2430 33 21306 — 0100
'980 .2099 .2209 .2193 .2669 .0831
DIP = 66 DEGREES, FC = 5,5 F
F/FC = 150  -440 - 88 .870 :%80
HM <1991 1955 — 2225 1799 9
H — 0161 =-.0551 .0393 =-.2642 .2960
T -,2145 - 0963 o0l 118 1908
;5 o -.5700 '-. [ 9
‘uho (5568 .52u6 -.1265 .0558 =~.0107
680 .3093 .ho43 .3330 ~-.0567 0102
870 .2379 ,2350 3368 ,2009 ~,0106
.980 ,2064 ,2159 , 2135 ,2765 ,0877
DIP = 66 DEGREES, FC = 8.0 FH
F/FC = 150 .440  .680  .870° 2980
HM 1066 .1907 . 2160 1790 .2168
o ool ’?385 0418 -2tk 3153
- - -* 00 ‘20
i 1, 2 86 5578““'.52 -,3125 0673
.5 .5394 =~.1285 0566 =~.0109
680 3022 .3970 .3489 =-,0586 ,0105
‘870 .2345 .2268 .3365 .2137 ~. 011k
‘980 203k .2116 .2050 .2859  .0941
DIP = 66 DEGREES Fc - 12 0 FH
F/FC = 150 68 o 80
HM . 1948 1369 9 .
H -, 0137 = 0597 0602 - 3233 3365
7 - 2057 = 1047 -0193 >1016 ;2127
.130 1,2609 =~,5390 501 49 K
‘uho (5309 .5521 -.1284 .0563 ~.0109
-680 .2967 3885 53635 =-.059% .0107
.870 .2319 .2199 .3332 ;2271 =, 0121
‘980 -2011 .2087 .1955 .2931 1016
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DIP = 80 DEGREES, FC = 2,2 FH
F/FC = =150 40  -&80 870" -980
m [ ) * 5 * 5 [ ] % ;
H - 0207 = 0437 ‘005h - 102 2081
T -'2331 -.0686 020 152 128
.150 T1,3120 -,6232 6 - A
40 6132 -4603 ~-.1139 .0492 =008
.680 .3439 .“2“9 « 2738 =, 0515 008
.870 (2577  ,2652  , 3334 1516 - . 007
‘980  .2231 .2361 .2380 .2049  .057
DIP = 80 DEGREES 3,0 FH
F/FC = -150 . 4ho .8 o -980
) ‘20862 .2126  .2326 T%Bi“‘”‘%ﬁss”
H - 0193 —.04ls2  .0071 =.1661 .2226
T - 2287 -.0767 0134 1538 1382
150 13116 —.6251 .6116 =,3/39 .
440 5975 JUB00 =, 1208 70527 ~,0094
2680 .3315 4233 .2902 -.0543 .0093
.870 L2499 ,2563 <3403 1621 =-,0uBo
980 L2166 .2492 . 4350 1571 .uotl

“DIP =
0

80 DEGREES

F/EC = -} &8 09 : Eo ,%80
-.0182! -ou%g 0099 - 1832 :%36

FC 3,9 FH

H 3
T - 2245 - 0828 X: ; ,Igzg X #Es
{uE: ,ésgi -5k -21254  .0550 ~-.0099
‘680 .3224 4201 .30L4 -.0566 .0097
,8&0 '2“&8 2#8 31##1 J717 -.0021
‘980 .2125 [223B 2306 .2666 .0664
/e olg = 80 DEGREES& 0 5 0 FH 8o
) 2020 ':2623“‘ 2243 IUZZ .1687
H -.0173 - o457 (0142 - zoz 22512
T - 2204 -.0878  .0008 - 226 ;l;;%
. e 9 b 9 °
,450 .5723 ‘5101 -.1287 .0566 =.0103
‘680 .3154 .h156 .317h -.0585 o101
°870 -2413 2413 13456 1815 -.0097
.980 ,2006 ,2193 2247 2752 0711
DIP = 80 DEGREES, FC = 6.5 FH
F/FC = 150 440  .580 870 80
H '-{o?gs -.0471 70207 =~.2266 .2695
T - 2165 =-0926 -, 0056 1#41 170
.I o .0290 -'05994 057“" - 3".’ 3 *
K EE
-870 {zggs :2320 ‘34 .1930 ~-.0105
‘980 2072 .2151 .2167 .28hk0  .o0771
DIP = 80 DEGREES, FC = 9,0 FH
F/FC = -150 - Lk i8o 0
o?ss °029 : ‘295
Tuﬁ :zlzé :g;za ~ 012 1336 - 8 0
‘uho .5hy 28 - 5151;0E =30 92 - olgll
.680 .3032 ?00 z6 0?
.870 ;2353 2255 3#18 2088 -Olllt
‘980 .20h2 2106 .2055 c294k0  .0858
DIP = 80 DEGREES, FC = 12,5 FH
F/FC = -150 -4ho  ,880 ,870°" ;980
M 1945 . 1875 9 .
{ el e G e
R 0 -,559 9 9 2
.5361 25501 = 1341 .0591 =-.0112
680 .2981 .3906 3622 - 0618 0109
‘870 2321 2180 Zg 22246 -.0122
‘980 .2011 2071 '3015  .0955
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Table 2. B3Six-point coefficients for calculations on thec day-
time F layer, for critical frequencies between 2fH and 20fH.

DIP = 13 DEGREES, FC = 8,0 FH -
F/FC = 150 350 550 - o 1900 80

. 9 09
H - 0367 .0617 '“'75 -2u - 62 7  .5296
T - 2072 0 -1 16 o ~ 1012 3288
L 150 0 5 =, 5399 -.078%
<350 62 2 3390 0829 -, 0855 .0532 - 0138
2550  .3557 '2115 25157 —~ 1470 .0772 -.0190
2750 2619 .09kl 3792 2721 -.0070 0003
2900 ;2082 <1032 2156 216 Z2h19 -.0165
.980 ,1903 ,0919 ,2042 lh69 243 1230

DIP = 25 DEGREES, FC = k0 FH
F/FC = 150 0 00 80

I

L] 5 9 L] L d

2350 .6422 ,3167 .0905 -.0%3‘ .0570 ~.01%
.550 ,3653 ,2211 ;5031 =1 0787 -.019
2750 12672 ,0982 3852 .25hk7 ~-,0043 -,00
2900 2123 ;103 ;225z 2382 {236k -,016
.980 .1939 ,092 211 .198 2380 1143

.350 . ©3285 .0859 =.0 055 -'01u3
.550 .3531 ,2207 .5123 -.tzgg og -,0196
.750 72631 0933 3871 .zkio -0 -, 000
‘900 2091 L1017 32201 24h3 -zulh -.016
980 1911 ,090 22069 .1lg7 2458 1157

. 20623 ~,0160
71 .,2250 4886 = lg -0811 =;0199
.23 -. 00 -,0017

900 2174 10 22370 23 3 222 -'0160
2 .093h .2200 (1532 .2319 .1033

15#2 zhlg . 1047

DIP = 35 DEGREES, FC = 15,0 FH -
F/FC = ,150 0 0 0 00 2980

. [ ] L 5 L 4 L .l'g
H -,0340 0514 - 1557 (2031 -,5470 ,4B22
-1 1656 =, 6& 2

2350 .6418 3137 0888 =_0923 .8377 -, 0148
.550 .3606 .2229 5101 =~ 1560 ,

.750 L2646 .0921 . 3946 .2327 -,0052 ~,0007
2900 ;2102 1003 2240 ,2

.980 ,1921 _,0894 , 2100 ,1510 ,2

DIP = 45 DEGREES, FC = 3,0 FH -
FH;C = - 150 0 7o - 750 - 80
* ® ; 9
H =-_.0330 .032§ -.Isgz .1673 - uug hlls
T - 222 o1 - 1782 180 6
15 .
9 -2 1112
<550 3880 2296 -, 1581
750 2791 1054 L4050 2104 ,0027 =, 0025
900 ;2216 1041 ;zhgs 72331 .2080 ~-.0160
980 [2016 .0931 .2286 .1577 .2292 .0898



F/FC =
H

.9
.980

-, 1397

= 1901
<2920 '.0988 -
.2281 [lwg2 - 1623
.0938 [ Lo71 .Zzzz
;8389 .2354
,0883 2177 1556

‘3100 0913 - 09%3
‘52 523?3 3?33
0388 .2272 *2h52
N 80 .212 ,1518
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DIP = 45 DEGREES, FC o 5 0 FH
’l 350 00 - 980
-. 0323 —oko7 - 13Z2 1622 - u 82 uz:g
- 210 9 - 1848 -26|l
67 ‘3725 1070 - 1076 —06?3 - 0171
.37 A 12303 4866 -. 16 10867 =.0211
°2733  .0998 . 4080 2282 10006 0021
22171 1010 32436 .2408 (2140 -.0164
.1977 .o90k  .2235 1583 ,2385 .0916

-, 0949
-.0162
-,0210
-, 0021 =_0015
.2225 =,0170
.2483  ,0952

. 0636
- 0868

" -

20093

’0396 -.Ol |
-,017
. 1001

il
.2543

- 0 - o -
L] 9 L 9 ‘. r L]
. -. 1190 ., 3727
T £5 ;.E%gg 018; -:13%6 ;7329 -;0222 ;22#3
A. l L] ) - 5 [ ] 9 -. -. B -.
©350 L7148 ;2 g ;%281 -,1252 +0786 ;0197
2550 ;3322 .2330 Ju653 - 1668 0914 =, 0220
.750 [2Bh7 1069 4188 1863  ,0068 ;0035
,900 L2257 1027 2622 , 2319 ;1937 -, 0162
.980 ,2051 L0919 ,2381 1612 , 62287 0751
DIP = FC = 4,3 FH

55 gEGREFS,

] 687
900 0998 12563 2390
.980 .201k .0B93 2331 615 37ﬁ o773
DIP = 55 DEGREES, FC = 6,5 FH -
F/FC = - 150 0 QO 00 80
. 09 [ 2 * L]
H - 0302 0342 -, 1226 . 134 - 1,056 389
T - 2220 olhh —-1852 - 1741 ~--0213 2#00
. 150 1, 4549 —.9968 ,905 i LG {010
350 6884 2896 112 Z - %E 1 20716 = 0179
. 550 .37913 .2328 4873 - 169/ L0918 =, 0220
.750 L 2/40 . U959 L 420 2101 0018 - 002#
,900 - 2175 - 0975 248 2455 2080 -'0170
.,980 _1982 0872 2271 .1599  .2h67 0809

. 106
24983 - 1
87 3300 3het
: .239 .
c0863  .2212 . 1586

FC = 10,0

. 2165

2542 0857
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DIP = 55 DEGREES, FC = 16,0 FH

F/FC = 150 350 0 0 00 2980
HM .|g|3 . 1000 .igBS :%0|7 . 0897 2 583
H -,0310 LOo12 -, 1327 <1577 — U677 ’4326
T = 2144 0110 = 1906 L1598 ~,0310 ;2652
<150 1, 0657 - oh8L — B518 -:5537 3793 -.0927
.350 6577 .3007 ,0939 =-,0087 ,0618 =, 0155
550 .3651 . 2266 25072 - 1660 ‘0882 - 0211
.750 2674 .0889 -Logs ;239h4 ~.0040 -.0011
.900 (2123 :0873 22309 2516 .2255 =:0175
980 1940 0865 ,2153 ,1524 [2592 0920

DIP = 66 DEGREES FC = 2,7 FH
F/FC = - 150 3 0 0 0 <900 80
985 2 19
H - 0289 0207 -, 0988 ;?9? -r2876 .303

T -,236; ,0239 - gz A 3 % ,0006 ,188
. 50 - ¢9 it . 2
<350 ;Zhﬁo Z L1498 = 1455 0916 ’022
<550 L h4ilhg ‘23 3 <b529 ~ 1776 10989 = 0233
=750 292 L1002 433 - 1566 :0125 ~. 0047
.900 ;231 .1016 ;2780 .% g

1775 ~,0163
980 .2102 .0910 2505 .2269 0581

DIP = 66 DEGREES, FC = 3,7 FH

F/FC = _150 o o <900 80
9 19 B .

H -;0283 ozzu -, loo .0323 -.3033 3179

T -_2332 0211 - 1962

2150 1.5180 =1,07 .92

.350 ,7331 . 1989 09 -.1381 0876 _,02,4
. 550 033 2363 -, 1788 ,0988 -2 0232
.750 '2860 1038 ~h356 1683 02 - 0041
.900 ;2265 0385 ZZ'S 23 S18hh ~20167

.980 . 2057 1 643 2361 0611
DIP = 66 DEGREES FC = 5.0 FH

F/FC = 150 0 0 oo 80
HM .19 9

H - 0281 ’02h6 1035 61 - 3226 333h
T : -,zzzb ,0188 ,lg;g . a ,oou3 ,zohg
< R - 29 9

<350 ,7186 21 L1312 - 1315 '082 -10202
.550 .3932 .23 h b2 -, g .0983 =~ 0230
.750 ,2807 .0985 Zh3sg 1818 0070 - 0035
900 222 62 .26L2 2b25 | zq -,olzg
2980  .202 .0B60 2388 . 1636 2hus 06

DIP = 66 DEGREES, FC = 7 0 FH
F/FC = 150 0 O 00 80

* L] * 5
H -, 0282 ,0276 =, loZ3 1036 -, 3491 .353i

T -,2281 L0164 - 18 E; oogo 216

[ ] * - [ ] 9

.350 ,7020 2424 ,11 8 -, 1223 076 -ol 8
h89 1784 2

g ,0969 _,022

.750 .2761  ,0933 4328 289 .0037 =,002
7 2 ,2003 ’0173
22321 1613 [2529  .069k

*
wn
w1
o
L
w
o]
w
w1
*
nN
W
wn
—
L]
N
g,

DIP = 66 DEGREES, FC = 10,0 FH

FJ 2150 09o 2550 0 *og 80
; 59 L] . 5 * 9 -
H -.0285 (0310 -, 1123 1153 =~ 3817 3762
il -,zzg% L0141 - 1871 <1654 - 0013 22
<15 . 5000 ~1,030 «939% -, . -. E
.350 6852 ,2656 ,1085 =~ 112 ,0708 =~ 017
.550 ,3753 ,2324 -hoso - 1762 ,0048 - 0222
.750 12723 0894 (4270 2130 ,0004 - .0021
-900 2161 -o09Ls 2452 12522 <2096 ~-.0176
.980 .1972 .08B42 (2256 .1578 [2598  .0753

DIP = 66 DEGREES, FC = 15,0 FH
0 2550 0 2900

L] ; 9 [ ] 77 L] 9 [ ] .
H -,0293 ,0354 ~;1195 1319 =~ 4200 ;4015
T —-.2166 0119 ~ 1886 1577 =--0093  .2450

=150 T1.48L0 =.9915 .B966 -, 6942 " L4016 -, 0064
»350 .6681 . 2885 .0979 =-,1032 ,06&6 -, 0159
.550 .3680 -2287 ,20

2750 .2690 -0871 1 -,0013
2900 2135 L0955 2354 2544 (2190 -, 0177
.980 ,1952 0847 2196 _1538 _ 26L4 0824
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DIP = 80 DEGREES, FC = 2,6 Fli
FIFC = 150 350 0 750 00 80
‘T%T‘""figEE‘“"fﬁg1§ *5§E§ f%;77_—_.%600 ;%320
H -,0250 ,0112 =-_0772 ,ou98 -, 1985 ,2kLos6
T -, 2440 0310 ~,l6 5 22008 028 1hgoo
. 150 L5541 ~1,173 .0930 =, BoSg .53 -, 1215
.350 ,7795 .1329 'Al 0 -.1702 .1077 ~-.0250
.550 4291 ;2346 2 -.1920 .1085 =.02 u
750 <2999 .1093 L4516 .1263 .0189 =.0059
900 2357 .03_9 . 2946 zzhi .1620 =, 0163
‘980 .2145 0885  [2636 .1654 2281 .0399
DIP = BD DEGREES, FC = 3,3 FH
F/FC = 150 ,3&0 ,ggo ;‘;g ;%g% .%80
HM « 199 0v9 . 9 g e 9 =
H -, 025 0130 ~,0797 ,0522 -;2133 .zsuo
24 - og 2 156
L] [} .5
.350 £§5h ‘1531 L1650 -.1620 <1023 - T0238
.550 176 23 3 L 4534 -1131 L1073 = 02#1
2750 2932 .10 L4531 138 '0139 -. 0053
‘900 2318 .096L4 .28B86 2318 ~. 0166
c980 .2104 .0862 .2583  .1666 2356 .0l29
DIP = 80 DEGREES, FC = 4,2 FH

.2693
621

.15 5 . w0851 =, -
.350 5 N7 153b ~ 1526 .0962 -;ozzg
.550 .L4o70 . 238 5 - 190? 1059 =02
.750 ,2378 .10'% - 012 -, 00 g
.900 2279 g 2385 .17hs -, 016
.980 2073 oBuk4 .252 1865 2430 .olés

IDIP = 80 DEGREES

. 9 .
-,0256 ,0177

L] L] —0 .. 5 9
,350 -, 7332 <2000 39 . 0891 - 0209
550 3988  .2395 . zo - 289 “1ok2 =~ 0235
750 ,z? 0957 " .009k ~, 0040
900 22 L0931 23 T2k L1827 =,0172
.980 204 ,0B32 ahsl T 16Lg ;2511 0513

. 19:
'-00 79

-ll-

—.l 9
-.0179

. 9 . 29909 =, .

.350 7 2522 1123 ~, 1187 0749

o550 .3796 2356 . L923 -~ 1847 10071 -, 0229

.750 .27 g ‘0882 (4358 12017 L0019 =, 0025

900 217 L0927 2439  ,2543 2043 - 0180

‘980 1986  .0B25 .2281 1577 .267h 0656
DIP = 80 DEGREES, FC = 15,0 FH

F/FC =, 150 350 ,;go ;%30 ;%OO ;%80
HM . 039 009 0 . 0 . 5 . 9
H -.0278 0310 ~-.1008 1147 = 3oh2 - 3861

T -,2191 0130 =~ 1902 1587 00 1 .2345
L1500 T.7976 417028 L9849 = /415 39 -, 1014
"350  .6759 787  .1013 -,108£ -,0165
.550 ,3707 2285 ,2070 -, 180 0963 -,0222
.750 2698 0839 - .h2hy 2255 - 0p2k - .0016
900 .2134 0929 2357 2575 2189 =-.0183
2980 . 1950 0821 2199 1523 2740 .0767
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Table 3. Coefficients including an extra-ordinary ray correc-
. . tion for underlying 1onization, for critical frequencies

between about 2fH and 10f

DIP= 5 DEGREES, FC= 2,5 FH, F1=_1,00 FH, FX= 1,62 FH
F/FC =~ - (F1) (FX) ' .600 _ ,750 .900 -980
Y ‘Ziﬁ;* e sl <88 g
| : - 0 ~. 2lks 9 .5h72
‘ T ~ 4706 . 3041 =,3165  .2870 ZB .3415
F1 1.6 = 8u7h -1235 -, 1784 0806 -, 0191
.6500 1.0007 =.4yb1 0686 = 2651 -1090 -, 0251
750 7558 -,3936 L4789 ,1272 ,ok24 ~,0108
2900 16303 -.3176 .2/16 ,ig03  .2776 -.0219
.980 5741 - 2903 .2579 .0673 ,2704  .1206
DIP= &5 DEGREES, FC= 5,0 FH, Fl= 1,20 FH, FX= 1,80 FH
F/FC =~ (F1 FX 0 bs 8
0 tally Tl 1233 iale .00 2T
e .10/3 -, . -.5099 , Hool
‘1123 2970 = 18h 3 18
.g ﬁ -. »0 . .0
.500 g E -.3238 5507 -, 1152 0425 -, 0087
700 .5 -.2631 .3917 .2954 -.0131 .0017
.880 #511 -, 1741 L1911 L2797 ZGSZ -,0135
.980 T4038 - 1656 2023 it 275 . 1395

DIP= 15 DEGREES, FC=
FX

F/FC = 5F1
H .
? -;22%} ouss - gahg 32 h - 650# .5312
-‘ 9_ -
FT 1,790 33 3 %2 1311 05 1 *oiio
.600 11,0532 , 6209 -.2335 23_ -,0218
.750 (7916 ~, 50 L .1437 03 - 0083
.900 6583 -73285 250 561 263h - 01q7
980  .599h -.3000 .2382 .0B48  .2588 . 1187
DIP= 15 DEGREES, FC= 5,0 FH, Fis 1,20 FH, FX= I, 80 FH .
F/FC =" - (F - (FX) "8 .88 80
HM w387 - 13 A : 9
H - 0708 - 1085 =213 22723 =-.5700 L4737
- 2376 féo L8

-1, 0
- 3417

2, 56FH Fi= 1,00 FH F X 1‘65 FH

., 500 —8808 -5410 -'1133 - oLt
.700 5061 - 2 57 3915 2895 =;0132 '001
- 880 '4636 -' 1833 - 1937 'ZZg9 <2594 -'0132
980 .M150 ~-.1738 [2030 .148% (2718 | 1355
DIP= 25 DEGREES FC= 2, 5 FH, Fi= 1,00 FH, FX= 1,62 FH
F/FC = - (F1) (FX) "2600° 750 900 .98
HM 6277 =.2 53* T19Z 2260 0140 3084
- 0316 .0 - 2128 23023 -.6052 - 5024
340 3282 = 22 2301 =10 114
"FT““‘T‘3"6“2‘88T7“‘“Uﬁ%H“"ﬁ}“““ﬁ1§%““%ﬁ
600 1, 135 -, 5414 5228 = 1677 ,0653 =~ 0147
5750 'uss 272 -3837 .1800 .0108 -.0032
.900 .7074 = 3&&3 J2055 .2120 .2345 -.0150
980 .6435 -.3140 . 195 ‘1238 (2360 . 1150
DIP= 25 DEGREES, FC= L, O FH, Fl= 1,20 FH, FX= 1,80 FH
F/FC =~ (F1) " (FX) 540 .7zo Boo ‘oo
HH .5290 =, 2445 1268 23854 0497 3036
H -.0537 .0743 -.1931 .2528 -.5513 L7110
T - 1 3196 174 1368 2983
: = =0 A - 00 . 00715
540 1 0914 -.5215 .5215 =.1208 .0k92 =.010
gzo 772 -.3983 1383 Z24h8 - 0058 . 000k4
% 1 =.29090 .1968 2579 .24k ~.01h4k
0 5519 -, 2725 .1957 .1501 1534 . 1215
DIP= 25 DEGREES FC= 7.0 FH, Fl- 1 zo FH, FX= 1 80 FH
F/FC =" - (F1) (FX) L ;] 0
,00 . . '3031
H -.1708  .2177 -.2036 .2372 -15139 .
T -- 351 1806 ~- 1 0590 =,0123 -2«14
119 .oo 9 ,0009 -, 0002
Jus0 6195 -, 0851 ,2265 ~-.0871 .0323 =-.0062
‘680 .u4515 —-1658 .Lo75 " 3275 -.0245 .0Q037
.870 (2922 ~;0462 200 312 S2521 -.0113
‘980 .2792 -.0755 .2133 .1671 .2812 .1345
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DIP= 35 DEGREES, FC= 2,5 FH, F1= 1 00 FH, FX= 1,62 FH

_ELEQ_E___éEll___:§FX) 600 500 80
HM .6795 00  ,065 7u .007 7

H - 0438 .0476 -. 1886 -2613 .539& h611
T - 591k 461 -~|u L I - 061 * 2802
F 2,0 93} 5 -,05 .

600 11,2457 5726 '3806 -ro7o7 <0212 -,0043
.750 9391 - Lin3 2918 2635 -.0216 - 0045

.900 7705 -, 3614 1382 . 1927 =,0082
980  .7000 =~-.3291 ,1319 .1826 2045 1101

DIP= 35 DEGREES, FC= 4,0 FH, F1= 1,20 FH, FX= 180 FH
F/FC =~ - (F1) x) ho 20 a0 0

. .0 T 2005

H 0815 ‘o 3 - 1712 . J2182 -.loly :L361
Zus " 1215 = 022 2737

. . ﬁ ‘ 5 : . e ‘o 00
<540 1-1678 =-.56h3 -L728 ~ 1071 -0392 = 0084
‘320 -8274 --L277  [36L8 ‘0129  .0021

1071
. 021’63 - .
.Bgo ’6513 -,3215 1848 .272 <2252 =,0127
980 ,5850 =, 2922 1814 1694

DIP= 35 DEGREES, FC= 7,0 FH, Fi= 1,20 FH, FX= 1,80 FH
F/FC =~ - (F1 (FX) ‘- h50° 68 8 q80
HM — -,0095
-.1732 .2107 L6
6 .1931 : B
. . . b
L L450 . 0969 .51 8 3 <03 ~ 0064
680 4735 =, 1835 ,ﬁll 3171 =,02 .0038
,850 23023 =;0551 ,2053 ,3173 241k —0112
.980 ,2896 -, 08 21b1 1739 2817 [ 12W7

DIP= 45 DEGREES, FC= 2,4 FH, Fl- 1,00 FH, FX= 1,62 FH
F/FC =~ -(F1) - (FX) -600" 0 ) 80
HM /796 ~,3396 -, 0k -, . +
H -.0554 . 0lds -, 156 *2133 --4610 L4114
2 =0 -,0018 - 2413

,2 2278 =,9867 = 47 . - » 0350

.600 ug -,6322 ;1242 ,1010 =-,0557 0136
2750 10882 =-.kg21 1232 ;3#03 -,0772 0174
.900 “8876 -,3952 L0067 368 1292 .0021&

.980 .8052 =~ 3503 . 0099 .2816 . 1562 106!

DIP= 45 DEGREES, FC= 3,5 FH Fl- 1,20 FH, FX= 1, 88 FH
FLEC = ’(Fl) ' (FX 2

HM 6929 -, 345 ?g . . .4553
" g g ik e hd
00 - 5 .15

540 . ‘heg] 17326 5831 -"00B1 003 10013
.720 0 ]85 zl-l-l 7 263 .2909 -~ - 039 - 0080

880 '8037 126 102 °3279 1857 -I0071
. ©7197 -.3728 .1056 .2245 .2198 1033
DIP= 45 DEGREES, FC= 6,0 FH, Fi1= 1,20 FH, FX= 1,80 FH
F/FC =" " (F1) (FX) . b70°  .690 _ .880 98¢
H -.1159 .1337 - 1433 1512 = 4111 3854
T - 4487 2503 ~'1501 0718 -0283 2484

“F1 24531 =1,4257 =,0W3L L0247 —. 0111 002k
470 1856 12868  .l935 =~.0933 -0354 =~.007h4
690  .5933 -, 2728 _hOB2 ,290¢ =~ 6023 . 00ko
880 .0136 =-.1475 ;2016 .3150 .230h =-0132
.980 .3785 - 1493 2018 1933 .2692 1065

DIP= 55 DEGREES FC= 2,3 FH, F1= 90 FH, FX= 1;53 FH

F/FC = -~ (F1) (FX) .600 .250 .900 .980
HM ,7250 =,2833 ~.035 .3587 ,o0oLT - 2312
H - 0626 .0398 ~-.115 L1540 ~,371 .3561
T - 6555 °3227 “oh06 0360 - 055 2006

FT— 2,1979 =-,9080 =,6058 4974 =.2367 L0551
600 1.3661 ~-.5318 .0858 .1394 =-.0785 0190
‘750 1.0266 - L126 1070 3532 ~-.0960 0218
.900 8309 -.3300 ~oo38 .3923 L0963 0068
.980 ,7528 =~-,2995 ,0045 3101 1377 .0945
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DIP= 55 DEGREES, FC= 3,0 FH, Ft= 1,00 FH, FX= 1,62 FH

F/FC =~ (F1) ° (FX) ".e40’  .720 .Bo0 ‘980

HA L6312 =, 2724 ,0W8L 2900 ,0800 2227
H -, 0566 .0517 - lzus .lBlz ~.3531 L3446
. 6246 g = 06 0 y
W29 A . L 227 . 1009 -, 022:
540 1,3500 -, 5841 ,2236 .0223 = 0169 0041
720 ,9350 -, L4276 ,239% 12918 = ohg ,0100
.890 7340 =, 3246 091 .3hho '1598 -, 0051
980 ,6561 =,2926 ,0923 ,2465 ,2079 0898
DIP= 55 DEGREES, FC= 4,0 FH, Fi= 1,20 FH, FX= 1; uo FH
F/FC =~ (F1) ' (FX) " .540° .zgp 890 980
HH 0287 ~,3073 , 0068 2607 095 2254
H ~.0143 0670 1186 L1338 - 360 ,3?2%_

T -'670 87 -.0650 072 i |
. "WFT‘“‘716%§3"=T‘%%§%“2.2 *200% 03200205

.;go 1.3t23 -Iﬁgs? .5459 "22§° ‘8§9¥ - 0015
720 .9 -.4851 . -

890 17353 ~.3681 ,1235 ,3182 21781 - oogz
! 980 6507 =,3332 1349 .2188 . 2265 0893

DIP= 55 DEGKEES, FC= 6,0 FH, Fl= 1,20 FH, FXe 1;58 FH
Fi ) -470° -6 0

fé 0

H ~.1137 1220 =.1210 -1173 =-.3568 .351
- 0 25 = 136 b 0 2240
2, A -, - < 00Ho
J470  ,0081 =;3211 47,9 =, 092 <0352 =, 0072
690 ,6296 =,3016 4111  2B20 -.ozsg , 0043
- 880 :4385 -, 1629 72028 73228 -2178 ~;0129
080 ,3987 =~ 16 L2004 2014 2700 ,0945

DIP= 66 DEGREES, FC= 2,2 FH, Fis 90 FM, FX= 153 FH
F F EX) .6 :

*900 29674 — 3566
350 3

: ® L] 0 * |
.570 11,5706 =, ~ 1026 ;024
- Z 1, 1190 ~74803 0635 38 -fl139 < Zgg
2900 <8874 -3149 -, 0321 4508 .0810 - 0077
.980 .8032 3 -.0285 .3477 .1375 .0803
Dl¥= 66 DEGREES, FC=. 3,5 FH, Flm 1,20 FH, FX= 180 FH
F/FC = (F!S gExE gl 2 | ' 8;3_
HM <7 - - 0224 :%390 :0386 ;igb
H -.0722. ,0620 -,0010 ,0805 ~,2823 ,3010
T 0611 W6 -1 <
L8079 = 5 . . 40 - 179 <0
-540 15,7050 -517o -0324 1278 ~ 0631 :0133
Z720 151788 gz 24 1267 <3521 -~ 0820 -016
-800 .9178 - 4498 _0011 _LOs3 ,1213 ,0003
980 .B209 ~.4O50 .0088 .3058 .1891 080k

DIP= 66 DEGRLES FC= L4, & FH, F1= 1,20 FH, FX= 1,80 FH
P e %5%%——J4ﬂ%%———‘§9Qu"‘—‘%nﬁa‘"‘J?J%r"
Aoyt = Hfo7s =26t o7
H

~ 0814 0771 = 1027 <0950 =-.2905 3025
3 o

5= 0 < 1805 9

<500 1'3650 —16588 «31 -,0282 -0057 =~;0008
2700 ,9096 =, Oi 32 * J
:880 o 6850 "’3"" . . .
;980 .6093 -.3103 .1436 .2278 .2488 0808
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*

’ <900 1
0980

DiP= 80 DEGREES, FC= 2,6 FH, Fi= 1,00 FH, FX= 1,62 FH
F(FC = - (F1 X) .6 8

6 .26 2
.600 1.6752 =-.6578 =.2665 . -2193
750 1,2508 = 2 -, 1141 5264 =, 2023 , o3k
.900 ;9982 - 1oo6 -;16{2 :267§ — 0233 0248
/ .980 .903% ~-.3630 -.15h8 k773 o599 L0772

<600 158009 —B8184 2157 <3970 -1210% 2 0lss5
<750 173400 <6298 0862 - - 19 - 0429
<900 170786 - 5014 ;1526 :a662 - 01 <0240
980 9770 -,4550 =~ 1423 4719 069 .0793
DIP= 80 DEGREES, FC= 4,0 FH, Fls 1,20 FH, FX= 1:80 FH
F/FC = - (F1) '-(FX) - -8 2980 _
H 20176 <o ué :osgo :eles 2133 2852
T ; 3uﬁ 1 -0 °0 ° 1420 :Aﬁ 1
- : 7 - A - 7 OL1g
<540 175235 <7 <1 20 <0 - 032 <0073
;gzo 1< 0620 -:E 08 ;zg 2 -2963 ~ 0668 70131
890 -8193 —Lo73 -0B8B0 :3800 1227 - 0026
‘oBo .7350 -.3680 .0832 .2805 .2061 0631
DIP= 80 DEGREES, FC= 5,0 FH, F1s 1,20 FH, FX= 1780 FH
FJFC = -(F1) '-(FX) ~"-s00" = —687 298 .
—0762 <0 ; = 2626
—~0628 -0 -
~ 315 r H 0
<3738 =0 L
: 9 <3660 <2
7880 76325 —3073 1763 73402 1670 -—0087
‘980 .5665 -.2823 _1600 .2221 .2585 0662

DIP= 80 DEGREES, FC=_ 7,0 FH, F1= 1,20 FH, FX= 180 FH
EfFC = -§£%) “(FX) ks A < 2980 _
HM 23033 —090% {1837 < 220 % 1860
H ~. 1397 <1hos - 0881 0669 ~—,2600 <280k
T - %32 —256? — 1246 < o;gl 21164 {1800
- g =2, 1581 1265 {0706 ~{031/ 70050
- - ~ 1691 4800 09 0380 ~, 0066

- - -



